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In this study, we propose a novel use of reinforcement learning for esti-
mating hidden variables and parameters of nonlinear dynamical systems.
A critical issue in hidden-state estimation is that we cannot directly ob-
serve estimation errors. However, by defining errors of observable vari-
ables as a delayed penalty, we can apply a reinforcement learning frame-
work to state estimation problems. Specifically, we derive a method to
construct a nonlinear state estimator by finding an appropriate feedback
input gain using the policy gradient method. We tested the proposed
method on single pendulum dynamics and show that the joint angle
variable could be successfully estimated by observing only the angular
velocity, and vice versa. In addition, we show that we could acquire a state
estimator for the pendulum swing-up task in which a swing-up controller
is also acquired by reinforcement learning simultaneously. Furthermore,
we demonstrate that it is possible to estimate the dynamics of the pen-
dulum itself while the hidden variables are estimated in the pendulum
swing-up task. Application of the proposed method to a two-linked biped
model is also presented.

1 Introduction

Reinforcement learning is widely used to find policies to accomplish tasks
through trial and error (Sutton & Barto, 1998). However, standard rein-
forcement learning algorithms like Q-learning can perform badly when the
state variables of the environment are not fully observable. In this letter, we
propose a dual reinforcement learning paradigm in which an agent learns
to predict the hidden state of the environment and also to take actions to
the environment.

There are three major approaches to deal with partially observ-
able Markov decision processes (POMDPs): memoryless stochastic policy
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learning, memory-based state augmentation, and model-based state predic-
tion. Memoryless policy gradient methods to achieve better average perfor-
mance over hidden variables are used in Jaakkola, Singh, & Jordan (1995),
Baird & Moore (1999), Meuleau, Kim, & Kaelbling (2001), and Kimura &
Kobayashi (1998). However, even when stochastic policies are used, the
learning performance of a policy for POMDPs can be significantly worse
than that of a policy acquired for Markov decision processes (MDPs). Ex-
ternal memory, which stores the history of state transitions and defines an
augmented state space to recover the MDP assumption, is used in Meuleau,
Peshkin, Kim, and Kaelbling (1999) and McCallum (1995). However, even
with external memory, we cannot always estimate hidden variables from
observed variables. For example, we need an infinite impulse response fil-
ter such as an integrator to estimate position from velocity. Furthermore,
a simple integrator does not work well if sensor data include observation
noise or if we do not know the initial position.

If we have a dynamic model of an environment, it is possible to use a
state estimator for POMDPs. If the dynamics is linear and deterministic,
we can design an observer (Luenberger, 1971), which is used in control
theory to estimate the hidden states. In the case that the dynamics is linear
and stochastic, we can use a Kalman filter, which is widely known as the
optimal state estimator for linear dynamics with gaussian noise (Kalman &
Bucy, 1961). Where the state transition probability distribution is nongaus-
sian, the particle filter (Doucet, Godsill, & Andrieu, 2000) is used in many
studies (Thrun, 2000; Arulampalam, Maskell, Gordon, & Clapp, 2002). Wan
and van der Merwe (2000) proposed unscented filters for the nongaussian
case.

In this study, we propose a reinforcement learning state estimator (RLSE),
a novel learning method for estimating hidden variables of nonlinear dy-
namical systems to cope with POMDPs.

Evaluation of state estimation policies is difficult because we cannot
observe estimation errors for hidden states. However, by defining errors of
observable variables as a penalty in the reinforcement learning framework,
state estimation problems can be considered as delayed reward problems,
and we can apply reinforcement learning to learn policies for hidden state
estimation.

We show that the state estimator can be acquired by using the policy
gradient method (Kimura & Kobayashi, 1998) and demonstrate that we
can acquire the state estimator for a pendulum swing-up task in which
a swing-up controller is also acquired simultaneously by reinforcement
learning. Although we can use the extended Kalman filter not only for es-
timating state variables but also for estimating model parameters of the
pendulum dynamics (Wan & Nelson, 1997), the extend Kalman filter re-
quires the form of the target dynamics model. In this study, we show that
the swing-up controller can be acquired through estimating the hidden
variables even in the case that the dynamics model of the pendulum is
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not known. We also apply our proposed framework to a biped walking
task.

In section 2, we introduce the nonlinear state estimation problem. It is
well known that optimal control and optimal estimation for linear dynam-
ics are dual problems, that is, we can solve an optimal estimation problem
as an optimal control problem of a dual system. We present our idea that
the parameters of the state estimator can be derived by solving an op-
timal control problem even for nonlinear dynamics (Morimoto & Doya,
2002). In section 3, we introduce the reinforcement learning state estimator
(RLSE), showing our approach to acquire the state estimation policy in a re-
inforcement learning framework. Section 4 contains our simulation results,
obtained by applying the proposed method to a single pendulum dynamics
and a two-linked biped robot model.

2 Nonlinear State Estimator

We consider a state estimator for nonlinear stochastic dynamics:

x(k + 1) = f(x(k), u(k)) + n(k), n(k) ∼ N (0, �), (2.1)

y(k) = h(x(k)) + v(k), v(k) ∼ N (0, R), (2.2)

where x ∈ X ⊂ Rn is the state, u ∈ U ⊂ Rm is the control input, y ∈ Y ⊂ Rl

is the observed output, n(k) is the system noise where N (0, �) represents
a normal distribution with zero mean and covariance �, and v(k) denotes
the observation noise where N (0, R) represents a normal distribution with
a zero mean and covariance R.

We consider the state estimator that has the form

x̂(k + 1) = f(x̂(k), u(k)) + a(k), (2.3)

where x̂ ∈ X ⊂ Rn is the estimated state and a ∈ A ⊂ Rn is a state estimator
input to correct the current estimation by using observation y.

In this study, we define the state estimation problem as the problem
of finding a stochastic state estimation policy π(x̂, y, a) = P(a|x̂, y) to re-
duce the estimation error. Here we can consider this estimation problem as
POMDP because we cannot directly access the state x, and it is necessary
to decide actions for this estimation task according to current observation
y(k), where y(k) is given by the conditional probability distribution,

P(y(k)|x(k)) = 1√
(2π )l |R| exp{−(y(k)

− h(x(k)))T R−1(y(k) − h(x(k)))}. (2.4)
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The difficulty of finding this policy is that we cannot directly observe the
error for the hidden states. For linear dynamics,

x(k + 1) = Ax(k) + Bu(k) + n(k), (2.5)

y(k) = Cx(k) + v(k), (2.6)

we can design an observer,

x̂(k + 1) = Ax̂(k) + Bu(k) + L(y(k) − C x̂(k)), (2.7)

where observer gain L is selected to stabilize the error dynamics,

e(k + 1) = (A− LC)e(k), (2.8)

which can be derived by subtracting equation 2.7 from equation 2.5 with-
out considering noise input n(k) in equation 2.5, where e(k) = x(k) − x̂(k).
In this case, the estimation policy is represented as a deterministic pol-
icy: a(k) = L(y(k) − C x̂(k)), that is, π (x̂(k), y(k), a(k)) = P(a(k)|x̂(k), y(k)) =
δ(a(k) − L(y(k) − C x̂(k))), where δ() denotes the Dirac delta function.

Our solution to this estimation problem is to define the accumulated
errors of observable variables as the objective function and solve the optimal
control problem using a reinforcement learning framework. In the next
section, we introduce our proposed method to learn the estimation policy.

3 Reinforcement Learning State Estimator

Here we introduce the reinforcement learning state estimator (RLSE), a new
method to acquire a state estimation policy based on a reinforcement learn-
ing framework. We consider a discrete-time formulation of reinforcement
learning with the following system dynamics:

x(k + 1) = f(x(k), u(k)) + n(k), (3.1)

y(k) = h(x(k)) + v(k), (3.2)

x̂(k + 1) = f̂(x̂(k), u(k); p(k)) + a(k), (3.3)

where a ∈ A ⊂ Rn is the output of a state estimation policy (see section 3.2),
which is input to the state estimator; p denotes the parameter vector of the
approximated plant model f̂ and is the output of a model estimation policy
(see section 3.3). The reward is defined as

r (x̂, y, a) = e(y − h(x̂)) − c(a), (3.4)
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where e(y − h(x̂)) denotes reward function for correct estimation, and c(a)
denotes cost function for changing the estimator dynamics (Morimoto &
Doya 2002). The function e has the maximum value when the size of the error
|y − h(x̂)| equals zero, and if the direction of the error vector is the same,
the value of the function e monotonically decreases when the size of the
error grows. The cost function c(a) corresponds to the amplitude of process
noise. The state estimator tends to be strongly affected by the observed
output y(k) with a smaller cost for changing the estimator dynamics. For
example, we can use a negative log-likelihood function as the reward and
the cost functions (Crassidis & Junkins, 2004).

The basic goal is to find a policy πw(x̂, y, a) = P(a|x̂, y; w) that maximizes
the expectation of the discounted accumulated reward,

E{V(k)|πw} = E

{ ∞∑
i=k

γ i−kr (x̂(i + 1), y(i + 1), a(i))

∣∣∣∣∣πw

}
, (3.5)

where V(k) is the actual return, w is the parameter vector of the policy
πw, and γ is the discount factor. Therefore, we essentially try to solve a
smoothing problem rather than a filtering problem because we consider fu-
ture estimation error represented in equation 3.5 without explicit backward
calculation. Figure 1 shows a schematic diagram of the proposed learn-
ing system. The RLSE consists of a state estimator and the reinforcement
learning (RL) module to learn an estimation policy πw. The state estimator
takes control input u and the output of RL module a, that is, the output of
the estimation policy, as input variables. Then the state estimator outputs
estimated state x̂ as the RLSE output. Parameters of the plant model p used
in the state estimator and used in a controller can also be estimated by the
RLSE.

The problem of learning a state estimation policy is partially observ-
able because we have hidden variables x to be estimated. We use a policy
gradient method proposed by Kimura and Kobayashi (1998) in our RLSE
framework. Although we can apply the policy gradient method directly to
POMDPs without learning the state estimators for some target problems
(Jaakkola et al., 1995; Baird & Moore, 1999; Kimura & Kobayashi, 1998), we
will show in the pendulum swing-up problem in the following sections that
many tasks require the state estimator. The RLSE can be used even when
the order of a plant is known but its form is not and when there are hidden
state variables that we cannot directly observe.

3.1 Gradient Calculation and Policy Parameter Update. In the policy
gradient methods, we calculate the gradient direction of the expectation
of the actual return with respect to parameters of a policy w. Kimura and
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Figure 1: Reinforcement learning state estimator (RLSE). The RLSE consists of
a state estimator and an RL module to learn an estimation policy. The state
estimator takes control input u and the output of RL module a, that is, the
output of the estimation policy, as input variables. Then the state estimator
outputs estimated state x̂ as the RLSE output. Parameters of the plant model p
used in the state estimator and used in a controller can also be estimated by the
RLSE.

Kobayashi (1998) suggested that we can estimate the expectation of the
gradient direction as

∂

∂w
E{V(0)|πw} ≈ E

{ ∞∑
k=0

(V(k) − V̂(x))
∂ ln πw

∂w

∣∣∣∣∣πw

}
, (3.6)

where V̂(x(k)) is an approximation of the value function: Vπw (x) =
E{V(k)|x(k) = x, πw}.

3.1.1 Value Function Approximation. The value function is approximated
using a normalized gaussian network (Doya, 2000; see appendix C),

V̂(x̂) =
N∑

i=1

vi bi (x̂), (3.7)

where vi is a ith parameter, and N is the number of basis functions (see
appendix C). An approximation error of the value function is represented
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by TD error (Sutton & Barto, 1998):

δ(k) = r (k) + γ V̂(x̂(k + 1)) − V̂(x̂(k)). (3.8)

We update the parameters of the value function approximator using the
TD(0) method (Sutton & Barto, 1998),

vi (k + 1) = vi (k) + αδ(k)bi (x̂(k)), (3.9)

where α is the learning rate.

3.1.2 Policy Parameter Update. We update the parameters of a policy w
by using the estimated gradient direction in equation 3.6. Kimura and
Kobayashi (1998) showed that we can estimate the gradient direction by
using TD error,

E

{ ∞∑
k=0

(V(k) − V̂(x(k)))
∂ ln πw

∂w

∣∣∣∣∣πw

}
= E

{ ∞∑
k=0

δ(k)z(k)

∣∣∣∣∣πw

}
, (3.10)

where z is the eligibility trace of the parameter w. Then we can update the
parameter w as

w(k + 1) = w(k) + βδ(k)z(k), (3.11)

where the eligibility trace is updated as

z(k) = ηz(k − 1) + ∂ lnπw

∂w

∣∣∣∣
w=w(k)

, (3.12)

where η is the decay factor for the eligibility trace. Equation 3.10 can be
derived if the condition η = γ is satisfied.

3.2 State Estimation Policy. We construct the state estimation policy
based on the normal distribution,

πw(x̂, y, a j ) = 1√
2πσ j (x̂)

exp
−(a j − µ j (x̂, y))2

2σ 2
j (x̂)

, (3.13)

where a j is the j th output of the policy πw. The mean output µ of the
policy πw is given by a feedback gain matrix L and the estimation error for
observable variables y − h(x̂),

µ j (x̂, y) = L j (x̂)(y − h(x̂)), (3.14)
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and the j th row vector L j is modeled by the normalized gaussian network:

L j (x̂) =
N∑

i=1

wµ j

i bi (x̂). (3.15)

Here, wµ j

i ∈ Rl denotes the ith parameter vector for j th output of the policy
πw, and N is the number of basis functions. We represent the variance σ j of
the policy πw using a sigmoid function (Kimura & Kobayashi, 1998),

σ j (x̂) = σ0

1 + exp(−σw
j (x̂))

, (3.16)

where σ0 denotes the scaling parameter, and the state-dependent parameter
σw

j (x̂) is also modeled by the normalized gaussian network,

σw
j (x̂) =

N∑
i=1

w
σ j

i bi (x̂), (3.17)

where w
σ j

i denotes the ith parameter for the variance of j th output.
Considering equation 3.13, the eligibilities of the policy parameters are

given as

∂ ln πw

∂wµ j

i

= a j − µ j

σ 2
j

(y − h(x̂))bi (x̂), (3.18)

∂ ln πw

∂w
σ j

i

=
(
(a j − µ j )2 − σ 2

j

)
(1 − σ j/σ0)

σ 2
j

bi (x̂). (3.19)

We update the parameters by applying the update rules in equations 3.11
and 3.12.

3.3 Model Estimation Policy. Since we cannot always have exact infor-
mation on the target dynamics, it is also necessary to estimate parameters
of the dynamics model as well. In this study, we use a reinforcement learn-
ing framework based on the policy gradient method (Kimura & Kobayashi,
1998) to estimate parameters of the dynamics model. This model estimation
policy is constructed based on the normal distribution,

πwp (x̂, p j ) = 1√
2πσ

p
j (x̂)

exp
−(

p j − µ
p
j (x̂)

)2

2
(
σ

p
j (x̂)

)2 , (3.20)
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where p j is the j th output of the policy πwp . The mean output µp of the
policy πwp is given by

µ
p
j (x̂) =

N∑
i=1

w
µ

p
j

i bi (x̂). (3.21)

Here, w
µ j

i denotes the ith parameter for j th output of the policy πwp , and
N denotes the number of basis functions. We represent the variance σ

p
j of

the policy πwp using a sigmoid function (Kimura & Kobayashi 1998),

σ
p
j (x̂) = σ

p
0

1 + exp(−σw p

j (x̂))
, (3.22)

where σ
p

0 denotes the scaling parameter, and the state-dependent parameter
σw p

j (x) is also modeled by the normalized gaussian network,

σw p

j (x̂) =
N∑

i=1

w
σ

p
j

i bi (x̂), (3.23)

where w
σ

p
j

i denotes the ith parameter for the variance of j th output. Con-
sidering equation 3.13, the eligibilities of the policy parameters are given
as

∂ ln πwp

∂w
µ

p
j

i

= a j − µ
p
j(

σ
p
j

)2 bi (x̂), (3.24)

∂ ln πwp

∂w
σ

p
j

i

=
((

a j − µ
p
j

)2 − (
σ

p
j

)2)(
1 − σ

p
j /σ

p
0

)
(
σ

p
j

)2 bi (x̂). (3.25)

We update the parameters by applying the update rules in equations 3.11
and 3.12.

4 Simulation

In this section, we demonstrate the performance of the RLSE. First, in sec-
tion 4.1, we apply the RLSE to a single-pendulum model to display its basic
properties and performance. In section 4.2, we apply it to a two-linked biped
model, which has more complicated dynamics than a single-pendulum
model, to show that the RLSE can be applied to a more difficult problem.

In section 4.1, we first show that the RLSE can stabilize the error dynamics
(see equation 2.8) of the linearized pendulum model (see section 4.1.1).
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Second, we apply it to the pendulum model to estimate the state variables
of free-swing movement (see section 4.1.2). Third, we show that it is possible
to acquire a controller to swing the pendulum up by using state variables
estimated by the RLSE. Here, the RLSE is also acquired simultaneously (see
sections 4.1.3, 4.1.4, and 4.1.5).

In section 4.1.3, we compare swing-up performance among a memo-
ryless policy gradient method, a memory-base policy gradient method,
and a value-gradient-based method (Doya, 2000) with using the RLSE. We
demonstrate that only the value-gradient-based method using the RLSE
can acquire a swing-up controller when only the angular velocity can be
observed.

In section 4.1.4, we show that the state estimator can be acquired even in
the case that we do not know a precise parameter of the pendulum. In other
words, we show that we can acquire control, state estimation, and model
estimation policies simultaneously.

Section 4.1.5 shows that we can acquire an estimation policy for the
pendulum swing-up task even when the dynamics of the pendulum is
unknown.

Finally, in section 4.2, we show that the RLSE can be used to estimate
state variables of the biped model. The task in this case for the biped robot
is walking down a slope without falling over. We could simultaneously
acquire both control and estimation policies for the biped walking task.

4.1 Application to a Single Pendulum. The proposed method was ap-
plied to pendulum dynamics,

ml2ω̇ = −µω − mgl sin θ + T, (4.1)

where θ is the angle from the bottom position, ω is the angular velocity,
T is the input torque, µ = 0.01 is the coefficient of friction, m = 1.0 kg is
the weight of the pendulum, l = 1.0 m is the length of the pendulum, and
g = 9.8 m/s2 is the acceleration due to gravity (see Figure 2). We define the
state vector as x = (θ, ω)T and the control output as u = T . Here we consider
one-dimensional output y. Thus, the dynamics is given by the system

x(k + 1) = f(x(k), u(k)) + n(k), (4.2)

y(k) = Cx(k) + v(k), (4.3)

where n(k) and v(k) are noise inputs with parameters � = diag{0.01, 0.01}�t
and R = 1.0�t, and the discrete-time dynamics of the pendulum is

f(x(k), u(k)) = x(k) +
∫ (k+1)�t

k�t
F(x(s), uc(s))ds, (4.4)
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Figure 2: Single pendulum swing-up task. θ : joint angle, T : input torque,
l: length of the pendulum, m: mass of the pendulum.

F(x(t), uc(t)) =
(

ω

− g
l sin θ − µ

ml2 ω

)
+

(
0
1

ml2

)
uc, (4.5)

where �t is a time step of the discrete-time system, and uc is the control
input in continuous time.

We define the state estimator dynamics as

x̂(k + 1) = f(x̂(k), u(k)) + a(k), (4.6)

where x̂(k) = (θ̂ (k), ω̂(k))T is the estimated state and a(k) is the output of the
estimation policy. We define the reward function for the state estimation
task as

r =

exp

(
− (y − C x̂)2

σ 2
r

)
−

2∑
j=1

c(a j )


 �t, (4.7)

where σ 2
r = 0.25 and c(a j ) is the output cost term. We saturate the output

of the policy using a sigmoid function in equation A.3 (Doya, 2000; see
appendix A) with the maximum output amax = (amax

1 , amax
2 ) = (5.0, 5.0)T .

Then we use the corresponding cost function,

c(a j ) = d
∫ a j

0
−1

(
u

amax
j

)
du, (4.8)
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where d = 0.1 and  are monotonically increasing functions (see
appendix A).

The learning parameters were set as follows. The learning rate for the
value function was α = 0.5, the learning rate for the policy was β = 0.5,
the discount factor was γ = 0.99, and the decay factor for the eligibility
trace was η = 0.95. A 5 × 5 basis normalized gaussian network for two-
dimensional space x̂ was used for the state estimation policy in equa-
tions 3.15 and 3.17 and the value function in equation 3.7. We located basis
functions on a grid with an even interval in each dimension of the input
space (−π ≤ θ ≤ π,−3π ≤ ω ≤ 3π ).

In the current simulations, the centers are fixed in a grid, which is anal-
ogous to the “boxes” approach (Barto, Sutton, & Anderson, 1983) often
used in discrete RL. Grid allocation of the basis functions enables efficient
calculation of their activation as the outer product of the activation vec-
tors for individual input variables. We used the fourth-order Runge-Kutta
method with a time step of �t = 0.01 sec to derive the discrete pendulum
dynamics in equations 4.4 and 4.6 and put a zero-order hold on the input
as uc(s) = u(k) for k�t ≤ s < (k + 1)�t.

4.1.1 Estimation of Free-Swing Trajectories: Linear Pendulum. We first con-
sider a linear problem in order to check whether the pole of the error dy-
namics learned by the RLSE is inside a unit circle. Thus, we have considered
the pendulum dynamics only near the stable equilibrium point x = (0, 0)T ,

F (x(t), u(t)) =
(

0 1
− g

l − µ

ml2

)
x(t) +

(
0
1

ml2

)
uc(t), (4.9)

where the discrete pendulum dynamics was derived with equation 4.4.
Here, since the RLSE attempts to learn a policy to estimate free-swing
trajectories, we always set the control input to zero u(k) = 0. Let us consider
two types of observation noise that have different amplitudes: R = 1.0�t
and R = 10.0�t. Each trial was started from an initial state x(0) = (θ (0), 0.0)T

and an initial estimate x̂(0) = (θ̂ (0), 0.0)T , where θ (0) was selected from a
uniform distribution that ranged over − 1

4π < θ (0) < 1
4π . Then θ̂ (0) was

selected from a uniform distribution around θ (0), which ranged over − 1
6π +

θ (0) < θ̂ < 1
6π + θ (0). Each trial was terminated after 20 sec.

We applied an acquired estimation policy after 100 learning trials to esti-
mate linear pendulum states and used a deterministic policy, represented by
the mean of the acquired stochastic policy, to illustrate the estimation perfor-
mance. The initial state was set as x(0) = (− 1

6π, 0.0)T and x̂(0) = (− 1
3π, 1

2π)T .
Figures 3A and 3B show the successful estimation of the linearized pendu-
lum state, and Figure 3C indicates that the pole of the error dynamics stayed
within the unit circle, that is, the absolute eigenvalues of error dynamics
|λ| are always less than one, |λ| < 1, during state estimation. Furthermore,
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Figure 3: Estimated pendulum states and absolute eigenvalues of error dy-
namics. (A) Estimated angular velocity ω. (B) Estimated joint angle θ . (C) Time
course of absolute eigenvalues |λ(A− LC)|.

the RLSE acquired different estimation policies with different observation
noise. The error dynamics had slower convergence; absolute eigenvalues
|λ| had larger values with greater observation noise (R = 10.0�t), all results
consistent with the properties of the Kalman filter.

4.1.2 Estimation of Free-Swing Trajectories: Nonlinear Pendulum. Now we
try to estimate free-swing trajectories of nonlinear pendulum dynamics,
equation 4.4, by using the RLSE. Each trial was started from an initial state
x(0) = (θ (0), ω(0))T , where θ (0) was selected from a uniform distribution
that ranged over − π

2 < θ (0) < π
2 , and ω(0) was selected from a uniform

distribution ranging over − π
2 < ω(0) < π

2 . In addition, each trial was started
from an initial estimate x̂(0) = (θ̂ (0), ω̂(0))T , where θ̂(0) was selected from
a uniform distribution around θ (0) that ranged over − π

4 + θ (0) < θ̂ (0) <
π
4 + θ (0), and ω̂(0) was selected from a uniform distribution around ω(0)
that ranged over − π

4 + ω(0) < ω̂(0) < π
4 + ω(0). Each trial was terminated

after 20 sec.
The following three conditions are considered:

1. Joint angular velocity ω is observed—C = [0 1] in equation 4.3.

2. Joint angle θ is observed—C = [1 0] in equation 4.3.

3. Combined state of joint angle θ and angular velocity ω is observed—
C = [1 1] in equation 4.3.

Figure 4 illustrates the learning performance of the RLSE under the three
different conditions.

We applied the acquired policy after 100 learning trials to estimate free-
swing trajectories under each condition using deterministic policy, which is
represented by the mean of the acquired stochastic policy, to demonstrate
the estimation performance. Initial states were set as x(0) = (− π

2 , 0.0)T and
x̂(0) = (−π, π)T . Results reveal that acquired policies successfully estimated
the true state trajectories (see Figure 5).
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Figure 4: Learning performance of free-swing trajectory estimation. (Aver-
age over 10 simulation runs. We filtered the data with a moving average of
10 trials.) If the initial estimated state x̂(0) is equal to the actual state x(0) and the
RLSE perfectly follows an actual state trajectory, the average reward becomes 1
without considering cost term c(a).

4.1.3 Pendulum Swing-Up Task in POMDPs: With Exact Model. Here we
try to acquire the swing-up policies while estimating state variables of the
pendulum simultaneously. First, we assume that we have an exact model
of the pendulum.

We apply the value-gradient-based reinforcement learning (Doya, 2000)
to acquire pendulum swing-up policies in POMDPs. The task of swinging
up a pendulum (Doya, 2000) is a simple but strongly nonlinear control task.
Here we assume that the swing-up policies cannot observe the position of
the pendulum θ ; only the angular velocity ω can be observed. The reward
function for the swing-up control policies is given as

q (x, u) = {−cos θ − ν(u)}�t, (4.10)

where ν(u) is a cost function for control variable u (see appendix A). We use
the same reward function in equation 4.7 for the estimation policies.

Each trial was started from an initial state x(0) = (θ (0), ω(0))T , where θ (0)
was selected from a uniform distribution that ranged over − π

4 < θ (0) < π
4 ,

and ω(0) was selected from a uniform distribution ranging over − π
4 <

ω(0) < π
4 . In addition, each trial was started from an initial estimate x̂(0) =

(θ̂ (0), ω̂(0))T , where θ̂ (0) were selected from a uniform distribution around
θ (0) that ranged over − π

4 + θ (0) < θ̂(0) < θ (0) + π
4 , and ω̂(0) were selected

from a uniform distribution around ω(0), which ranged over − π
4 + ω(0) <

ω̂(0) < ω(0) + π
4 . Each trial was terminated after 20 sec. As a measure of

the swing-up performance, we defined the time for which the pendulum
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Figure 5: Estimation of free-swing trajectories: (A–C) Observed state. (D–F)
Estimated joint angle θ . (G–I) Estimated angular velocity ω. (A, D, G) Joint
angle θ is observed. (B, E, H) Joint angular velocity ω is observed. (C, F, I)
Combined state of joint angle and angular velocity θ + ω is observed.

stayed up (π − π
4 < |θ | < π + π

4 ) as tup. A trial was regarded as successful
when tup > 10 sec. We used the number of trials made before achieving
10 successful trials as the measure of the learning speed and limited the
output torque of the controller as umax = 3.0 N · m. Appendix A explains
the implementation of the value-gradient-based policy.

Figure 6A shows the learning performance of the pendulum swing-
up task. After 85 trials (averaged over 10 simulation runs), the swing-
up policies and the state estimation policies were acquired. This result
reveals that RLSE can obtain estimation policies that are capable of acquiring
pendulum swing-up policies.

Several studies (Jaakkola et al., 1995; Baird & Moore, 1999; Kimura &
Kobayashi 1998; Meuleau et al., 1999) suggested that we can find a good
memoryless or memory-based policy for POMDPs using the policy gradient
method. Here we directly applied the policy gradient method (Kimura &
Kobayashi 1998) to learn the swing-up controller (see appendix B). If full
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Figure 6: Learning performance for the pendulum swing-up task (average over
10 simulation runs). (A) Value-gradient polices with RLSE (we filtered the data
with a moving average of 10 trials). (B) Direct use of policy gradient (we filtered
the data with a moving average of 10 trials).

state information (θ, ω) is available to the controller, this policy gradient
controller can acquire the swing-up policy with 171 trials.

Now we apply this controller to the pendulum swing-up task under the
same POMDP assumption: that the controller cannot observe the position
of the pendulum θ . The solid line in Figure 6B shows the learning per-
formance for 500 trials. This result indicates that the pendulum swing-up
policy cannot be acquired by observing only the angular velocity of the
pendulum ω using the policy gradient method. We also applied the policy
gradient method with external memory. Because the pendulum dynamics
is represented by a second-order differential equation, we defined the state
space of the controller as (ω(t), ω(t − �T))T , where �T = 0.5 sec, which
is a quarter of the actual period of the linearized pendulum. The dashed
line in Figure 6B shows learning performance for 500 trials. This result also
indicates that the pendulum swing-up policy cannot be acquired through
observing only the angular velocity of the pendulum ω even when using
the external memory.

Figure 7 shows swing-up trajectories using RLSE from an initial state
x(0) = (θ (0), ω(0)) = (0.0, 0.0)T and an initial estimate x̂(0) = (θ̂ (0), ω̂(0)) =
(− 1

2π, π)T .

4.1.4 Pendulum Swing-Up Task in POMDPs: With Modeling Errors. In the
previous section, it was assumed that we have an exact model of the pen-
dulum dynamics. However, especially in the real environment, it is difficult
to have a perfect model of the target dynamics. Here, we try to acquire an
estimation policy while at the same time also learning a model parame-
ter of the pendulum. In other words, we attempt to acquire the swing-up
control policy, the state estimation policy, and the model estimation policy
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Figure 7: Swing-up trajectories and estimation performance. The dash-dotted
line represents the upright position. The initial state x(0) = (θ (0), ω(0)) =
(0.0, 0.0)T ; the initial estimate x̂(0) = (θ̂ (0), ω̂(0)) = (− 1

2 π, π )T . (A) Estimated
joint angle θ̂ . (B) Estimated angular velocity ω̂.

simultaneously. A 1 × 1, that is, only one, basis normalized gaussian net-
work was used as the model estimation policy in equations 3.21 and 3.23.
We set the decay factor for the eligibility trace of the model estimation policy
as η = 0.90.

After 227 trials and 128 trials (average over 10 simulation runs), the
swing-up policies and the state estimation policies were acquired with ini-
tially incorrect models, l = 0.5 m and l = 2.0 m, respectively (see Figure 8A).

Figure 8B shows the learning performance of the model estimation policy
with two different modeling errors. Results reveal that the RLSE could
acquire the correct model parameter during learning of the swing-up task
and the state estimation task. The estimated mean model parameter of
10 simulation runs after 500 trials was l = 1.03 m, and the variance was
1.05 × 10−2 with the initially incorrect model l = 0.5 m. Furthermore, with
the initially incorrect model l = 2.0 m, the estimated mean model parameter
for 10 simulation runs after 500 trials was l = 1.08 m, and the variance was
0.27 × 10−2.

4.1.5 Pendulum Swing-Up Task in POMDPs: With Unknown Model. Here
we show that the RLSE can be used even when a form of the pendulum
dynamics is unknown. We assume to know that the pendulum model is an
input-affine system and know the input matrix of equation 4.5:

F(x̂(t), u(t)) =
(

ω

fω(x)

)
+

(
0
1

)
uc . (4.11)

The model estimation policy introduced in section 3.3 can be directly
used to estimate the dynamics model of the pendulum. We used the output
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Figure 8: Learning the swing-up controller and the state estimation policy with
the model estimation policy. linit represents the initial model parameter of the
pendulum length. (A) Learning performance of the swing-up policy when using
RLSE (average over 10 simulation runs; we filtered the data with a moving
average of 10 trials). (B) Estimated length of the pendulum at each trial.

of the model estimation policy as fω(x) ≈ 10.0 × p. A 9 × 4 basis normal-
ized gaussian network was used for the model estimation policy in equa-
tions 3.21 and 3.23. We used the learning parameter set σr = 0.2, α = 1.0,
β = 1.0, γ = 0.98, η = 0.90 for the state estimation policy and η = 0.96 for
the model estimation policy.

Figure 9A shows an acquired pendulum dynamics. A sinusoidal shape
that represents the pendulum dynamics (see equation 4.5) was success-
fully acquired. Figure 9B illustrates the learning performance of swing-up
policy with estimating pendulum dynamics and state variables. After 692
trials (average over 10 simulation runs), the swing-up policies and the state
estimation policies were acquired with an initially unknown model.

4.2 Application to a Biped Model. Finally, the RLSE is applied to a
biped model (see Figure 10). The task in this case for the biped robot is walk-
ing down a slope without falling over. A biped dynamics model introduced
in Goswami, Thuilot, and Espiau (1996) was employed here. Although it
is well known that this two-linked biped model can walk down the slope
without any actuation, it is necessary to set proper initial angular velocities
at each degree of freedom to generate this passive walking pattern. In this
study, we try to acquire a controller that can make the biped robot walk even
when the initial angular velocities are not suitable for passive walking.

We define the state vector as x = (θsw, θst, ωsw, ωst)T , where θsw and θst

are leg angles and ωsw and ωst are leg angular velocities, and we define
applied torque at the hip joint u = T as the action. We assume that the
covariance of the system noise n(k) and the observation noise v(k) are
� = diag(0.01, 0.01, 0.01, 0.01)�t and R = diag(0.01, 0.01)�t, respectively.
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Figure 9: Learning the state estimation policy with the dynamics of the pendu-
lum in the pendulum swing-up task. (A) Acquired pendulum model. A sinu-
soidal shape that represents the pendulum dynamics was successfully acquired.
(B) Learning performance of the swing-up policy with estimating pendulum dy-
namics and state variables (average over 10 simulation runs; we filtered the data
with a moving average of 10 trials).

Figure 10: Biped model: mH = 10 kg, m = 5 kg, a = b = 0.5 m, φ = 0.03 rad.

This biped model includes a discontinuity when the swing foot touches
the ground. Furthermore, we assume that only the leg angles θsw and θst

can be observed; in other words, we consider linear observation function
h(x(k)) = Cx(k) with observation matrix C = [1 1 0 0] in equation 2.2. We
also assume that we know the exact biped model.

The learning parameters were set as follows. The learning rate for the
value function was α = 0.5, the learning rate for the policy was β = 1.0,
the discount factor was γ = 0.98, and the decay factor for the eligibil-
ity trace was η = 0.97. A 5 × 5 × 10 × 10 basis normalized gaussian net-
work for four-dimensional space x̂ was used for the state estimation pol-
icy in equations 3.15 and 3.17 and the value function in equation 3.7. We
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Figure 11: (A) Learning performance of estimation policy for the biped walk-
ing task (average over 10 simulation runs; we filtered the data with a moving
average of 10 trials). (B) Learning performance for the biped walking task.
The horizontal axis represents the number of walking steps (average over
10 simulation runs; we filtered the data with a moving average of 10 trials).

located basis functions on a grid with an even interval in each dimen-
sion of the input space (− 1

4π ≤ θsw ≤ 1
4π,− 1

4π ≤ θst ≤ 1
4π,−3π ≤ ωsw ≤

3π,−3π ≤ ωst ≤ 3π ). We used the fourth-order Runge-Kutta method with
a time step of �t = 0.01 sec to derive the discrete biped dynamics and used
the reward function

r =

exp

(−(y − C x̂)T S(y − C x̂)
) −

4∑
j=1

c(a j )


 �t, (4.12)

where S = diag(1/σ 2
r , 1/σ 2

r ) with σ 2
r = 0.001. We saturate the output of the

policy using a sigmoid function in equation A.3 with the maximum output
amax = (amax

1 , amax
2 , amax

3 , amax
4 ) = (150.0, 150.0, 150.0, 150.0). Again, we used

value-gradient-based policy (see appendix A). The penalty −0.5 is given to
the biped controller when the robot falls over.

Each trial was started from an initial state x(0) = (0.0, 0.0, ωsw(0), ωst(0))T ,
where ωsw(0) and ωst(0) were selected from uniform distributions that
ranged over 2.0 < ωsw(0) < 2.2 rad/sec and −0.5 < ωst(0) < −0.7 rad/
sec. In addition, each trial was started from initial estimate x̂(0) =
(0.0, 0.0, ω̂sw(0), ω̂st(0))T , where ω̂sw(0) and ω̂st(0) were selected from uni-
form distributions ranging over − π

6 + ωsw < ω̂sw(0) < π
6 + ωsw(0) and − π

6 +
ωst(0) < ω̂st(0) < π

6 + ωst(0). Each trial was terminated after 10 sec. A trial
was regarded as successful when the number of steps is more than 10.

Figure 11A shows results of the learning performance of estimation
policies. The RLSE successfully acquired estimation policies in the biped
walking task. Figure 11B illustrates the learning performance for a biped
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Figure 12: Biped walking trajectory and estimation performance. Ini-
tial state x = (θsw, θst, ωsw, ωst) = (0.0, 0.0, 2.2, −0.7); initial estimate x̂ =
(θ̂sw, θ̂st, ω̂sw, ω̂st) = (0.0, 0.0, 2.0, −0.5). (A) Swing leg angle θsw . (B) Stance leg
angle θst . (C) Swing leg angular velocity ωsw . (D) Stance leg angular velocity ωst .

walking task. The biped controllers were successfully acquired after 273
trials (average over 10 simulation runs).

Figure 12 shows the estimation performance for a biped walking tra-
jectory. The RLSE could estimate state variables even for a biped model.
Although slight estimation errors remained in angular velocities, biped
walking policies could be successfully acquired by using RL.

Figure 13A displays the initial performance of the control policy. The
biped fell over right after its first step. Figure 13B gives the acquired perfor-
mance of the control policy after 500 trials. The RLSE could be successfully
used to acquire a biped walking controller.

5 Discussion

A conventional way to solve POMDPs is to use belief state representation.
By doing so, the problem can be considered as MDPs in continuous state
space (Littman, Cassandra & Kaelbling, 1995). However, the conventional
methods can be applied to only small problems in discrete state space,
whereas the RLSE can be applied to problems in continuous state space.

Backprop-through-time algorithms (Erdogmus, Genc, & Principe, 2002;
Xu, Erdogmus, & Principe, 2005) were proposed to learn a state estimator.
Although this approach can be applied to the state estimation problems
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Figure 13: Simultaneous learning of the biped walking controller and the state
estimator. The solid line represents the right leg, and the dotted line represents
the left leg. Initial state x = (θsw, θst, ωsw, ωst)T = (0.0, 0.0, 2.2, −0.7)T ; initial
estimate x̂ = (θ̂sw, θ̂st, ω̂sw, ω̂st)T = (0.0, 0.0, 2.0, −0.5)T . (A) Initial performance.
(B) Acquired performance.

in continuous state space, backprop-through-time algorithms can be used
only for off-line estimation. On the other hand, RL can improve parameters
of a state estimator through online update since RL can reduce an accumu-
lated estimation error over time instead of reducing only an instantaneous
estimation error.

Application of genetic algorithms to the learning state estimator prob-
lem was proposed by Porter and Passino (1995). In the genetic algorithm
approach, the gain parameter of a state estimator L in equation 3.15 was
constant, whereas the RLSE acquired state-dependent gain L(x̂). This con-
stant gain L can limit the performance of the state estimator if we apply the
state estimator to a nonlinear dynamics.

Thau (1973) and Raghavan and Hedrick (1994) proposed a nonlinear
observer to design an observer that can guarantee the convergence of the
error dynamics even for a nonlinear environment. However, this approach
considered any nonlinear term of a target dynamics as a modeling error
from a linear dynamics. Consequently, the applications of this method are
limited.

The duality between estimation and control is discussed in Crassidis and
Junkins (2004). They showed that the RTS smoother can be derived from op-
timal control theory. They used the negative log-likelihood function for the
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reward and the cost functions, that is, e(y − h(x̂)) = − 1
2 (y − h(x̂))T R−1(y −

h(x̂)) and c(a) = 1
2 aT�−1a in equation 3.4. To acquire the RTS smoother, we

need off-line calculation to derive the costate vector. In our method, we can
acquire estimation policies without explicit backward calculation by using
the reinforcement learning framework.

6 Conclusion

We proposed a novel use of reinforcement learning, the reinforcement learn-
ing state estimator (RLSE), to estimate hidden variables and parameters of
nonlinear dynamical systems. RLSE was applied to the pendulum swing-
up task, and simultaneous learning of the RLSE and a swing-up controller,
which used the estimated state of the RLSE, was accomplished, whereas
the direct use of the policy gradient method could not accomplish this task.
We also showed that a swing-up policy could be acquired even in the case
that the RLSE initially held an incorrect model of the pendulum or did not
know the form of the model. Application of the RLSE to the two-linked
biped model was also presented.

In this study, we used a gaussian distribution to represent an estima-
tion policy. In the future, it may be possible to use a mixture of gaussian
representations for the estimation policy to cope with nongaussian state
transition probability.

Because the state estimation policy and the model estimation policy are
mutually dependent, future work will involve analysis of our method to
show a relationship between the accuracy of state estimation and model
approximation performance.

Appendix A: Value-Gradient-Based Policy for Pendulum Swing-Up
Task

The approximated value function is represented as

V̂
c
(x) =

Nc∑
i=1

vc
i bi (x), (A.1)

where vc
i is the ith parameter of the function approximator and bi (x)

is the normalized gaussian basis function (see appendix C). A 21 × 21
basis normalized gaussian network for two-dimensional space x̂ was
used for the value function approximation in the swing-up task. A
5 × 5 × 17 × 17 basis normalized gaussian network for four-dimensional
space x̂ was used for the value function approximation in the biped walking
task.
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We use the value-gradient-based policy represented as

u = umax

(
∂V
∂x

∂f(x, u)
∂u

)
, (A.2)

where umax = 3.0N · m for the pendulum swing-up task and umax = 20N · m
for the biped walking task, and we limit the amplitude of the action using
the sigmoid function:

(x) = 2
π

arctan
(π

2
x
)

. (A.3)

This corresponds to defining the cost function in equation 4.10 as

ν(u) = dc
∫ u

0
−1

(
u′

umax

)
du′, (A.4)

where we set the parameter for the cost function dc = 0.1 for both tasks.
The learning rate for the value function was α = 1.0, and the discount factor
was γ = 0.99.

Appendix B: Policy Gradient Method for the Pendulum Swing-Up Task

The value function is represented as in equation A.1. Then we construct the
model for the swing-up policy based on the normal distribution πwc (x, u) =
P(u|x; wc),

πwc (x, u) = 1√
2πσ c(x)

exp
−(u − µc(x))2

2(σ c(x))2 , (B.1)

where u is the output of the policy πwc . We limit the amplitude of the action
using the sigmoid function in equation A.3. The mean output µc of the
policy πwc is modeled by the normalized gaussian network,

µc(x) =
Nc∑

i=1

w
µc

i bc
i (x), (B.2)

where w
µc

i denotes the parameter for the output of the policy πwc , Nc denotes
the number of basis functions, and bc(x) is the normalized gaussian basis
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function (see appendix C). We represent the variance σ c of the policy πwc

using a sigmoid function,

σ c(x̂) = σ c
0

1 + exp(−σwc (x̂))
, (B.3)

where σ c
0 denotes the scaling parameter, and the state-dependent parameter

σwc
(x̂) is also modeled by the normalized gaussian network,

σwc
(x̂) =

Nc∑
i=1

wσ c

i bi (x̂), (B.4)

where wσ c

i denotes the ith parameter for the variance of output. Considering
equation B.1, the eligibility of the policy parameters are given as

∂ ln πwc

∂w
µc

i

= u − µc

(σ c)2 bi (x̂), (B.5)

∂ ln πwc

∂wσ c

i
= ((u − µc)2 − (σ c)2)(1 − σ c/σ c

0 )
(σ c)2 bi (x̂). (B.6)

We update the parameters by using the update rules in equations 3.11 and
3.12. A 21 × 21 basis normalized gaussian network for two-dimensional
space x̂ was used for the policy represented in equations B.2 and B.4. The
learning rate for the control policy was β = 1.0, and the decay factor for the
eligibility trace was η = 0.90.

Appendix C: Normalized Gaussian Network

Basis functions for the normalized gaussian network are represented as

bi (x) = ξi (x)∑N
j=1 ξ j (x)

, (C.1)

where N is the number of basis functions and

ξ j (x) = e−||sT
j (x−c j )||2 . (C.2)

The vectors c j and s j define the center and the size of the j th basis function,
respectively.
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