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Abstract. In this article, we present an on-line variational Bayes (VB)
method for the identification of linear state space models. The learning
algorithm is implemented as alternate maximization of an on-line free
energy, which can be used for determining the dimension of the internal
state. We also propose a reinforcement learning (RL) method using this
system identification method. Our RL method is applied to a simple
automatic control problem. The result shows that our method is able to
determine correctly the dimension of the internal state and to acquire a
good control, even in a partially observable environment.

1 Introduction

A state space model provides a fundamental tool for system identification and
control. If state transition and observation are defined by linear systems dis-
turbed by white Gaussian noises, the state space model is formulated as a Gaus-
sian process with internal (hidden) state. This means that the probabilistic gen-
erative model belongs to the exponential family with hidden variables and its
system parameters can be determined by the expectation-maximization (EM)
algorithm [2, 6], within the maximum likelihood (ML) estimation.

According to the ML estimation, however, it is difficult to estimate the di-
mension of the internal state. A Bayesian approach can overcome the difficulty;
the marginal likelihood provides the evidence of a model structure [3]. Although
actual implementation of Bayes inference is often difficult, the variational Bayes
(VB) method [1, 4] provides an efficient approximation algorithm as a natural
extension of the EM algorithm.



In this article, we present an on-line VB method for the identification of linear
state space models with unknown internal dimension. The learning method is
implemented as alternate maximization of an on-line free energy [7], which can
be used for determining the dimension of the internal state. Using this system
identification method, we also propose a belief state reinforcement learning (RL)
method. Our RL method is applied to a simple automatic control problem. The
result shows that our method is able to estimate correctly the dimension of the
internal state and system parameters, and to acquire a good control, even in a
partially observable environment.

2 Probabilistic Model for Linear State Space Model

We consider a stationary linear state space model defined by

xt+1 = Axt + But + vt; yt = Cxt + wt, (1)

where xt ∈ <N is an internal state. yt ∈ <D and ut ∈ <M denote an ob-
servable variable and a control variable, respectively. Suffix t indexes the dis-
crete time. A ∈ <N×N , B ∈ <N×M and C ∈ <D×N are system parameters.
vt ∼ NN (vt |0, Q ) and wt ∼ ND (wt |0, R ) are white Gaussian noises†.

According to equation (1), the likelihood for a sequence of internal states
and observation variables (X1:T , Y1:T ) ≡ {(xt, yt)|t = 1, · · · , T}, under a given
sequence of control variables U1:T−1 ≡ {ut|t = 1, · · · , T−1}, is given by

p(X1:T , Y1:T |U1:T−1, θ) =
T∏

t=1

p(xt|x̃t−1, θ)p(yt|xt, θ) (2)

p(xt|x̃t−1, θ) =

{NN (x1 |µ, S ) (if t = 1)
NN

(
xt

∣∣∣Ãx̃t−1, Q
)

(otherwise)

p(yt|xt, θ) = ND (yt |Cxt, R ) ,

where Ã ≡ (A,B) and x̃t ≡ (x′t, u
′
t)
′. A prime (′) denotes a transpose. µ

and S are a mean vector and a precision matrix for the initial state, respec-
tively. θ ≡ {µ, S, Ã, Q,C, R} is the set of model parameters. For simplicity,
S ≡ diag (s1, · · · , sN ) Q ≡ diag (q1, · · · , qN ) and R ≡ diag (r1, · · · , rD) are as-
sumed.

We assume that the prior distribution of the model parameter θ is given by

p(θ|ξ) = p(µ, S|σ)p(Ã,Q|Φ, χ)p(C,R|Ψ, ρ) (3)

p(µ, S|σ) = NN (µ |0, γµ0S )
N∏

n=1

G (sn|γs0/2, γs0σ/2)

† Np (x |µ, S ) ≡ (2π)−p/2|S|−1/2 exp
[
− 1

2
(x− µ)′S(x− µ)

]
denotes the probability

density function of the random variable x, which is a p-dimensional normal dis-
tribution with a mean vector µ and an precision (inverse covariance) matrix S.



p(Ã,Q|Φ, χ) =
N∏

n=1

NÑ (ãn |0, γa0qnΦ )G (qn|γq0/2, γq0χ/2)

p(C,R|Ψ, ρ) =
D∏

n=1

NN (cn |0, γc0rnΨ )G (rn|γr0/2, γr0ρ/2) ,

where Ñ ≡ N +M , Ã ≡ (ã1, · · · , ãN )′, ãn ∈ <Ñ , C ≡ (c1, · · · , cD)′ and cn ∈ <N .
G (x|α, β) denotes the probability density function of the random variable x,
which is a gamma distribution with parameters α and β‡. ξ ≡ {σ, χ, ρ, Φ ≡
diag (φ1, · · · , φÑ ) , Ψ ≡ diag (ψ1, · · · , ψN )} is the set of variable hyper parameters
that parameterize the prior distribution of the model parameter θ.

We also assume a hierarchical prior distribution for the hyper parameter ξ:

p(ξ) ≡ p(σ)p(χ)p(ρ)p(Φ)p(Ψ); p(σ) = G (
σ|γσ0/2, γσ0τ

−1
σ0 /2

)

p(χ) = G (
χ|γχ0/2, γχ0τ

−1
χ0 /2

)
; p(ρ) = G (

ρ|γρ0/2, γρ0τ
−1
ρ0 /2

)

p(Φ) =
Ñ∏

n=1

G
(
φn|γφ0/2, γφ0τ

−1
φ0 /2

)
; p(Ψ) =

N∏
n=1

G
(
ψn|γψ0/2, γψ0τ

−1
ψ0 /2

)
.

In the above prior distribution, all hyper parameters with suffix ‘0’ are constant.

3 On-line Variational Bayes Method

After observing Y1:T by giving U1:T−1, the objective of Bayes inference is to ob-
tain the posterior distribution of the unknown variables, p(X1:T, θ, ξ|Y1:T, U1:T−1).
According to the Bayes theorem, the posterior distribution is given by

p(X1:T , θ, ξ|Y1:T , U1:T−1) = p(X1:T , Y1:T |U1:T−1, θ)p(θ|ξ)p(ξ)/p(Y1:T |U1:T−1).

The normalization term p(Y1:T |U1:T−1)§ is called the marginal likelihood, which
provides the evidence of the model structure¶ [3].

Due to the hierarchical prior distribution, exact calculation of the posterior
distribution and the marginal likelihood is difficult; we use an approximation
method. In the variational Bayes (VB) method [1], the posterior distribution is
approximated by a tractable trial distribution q(X1:T , θ, ξ). This approximation
is executed by maximizing the free energy:

F [q] = log p(Y1:T |U1:T−1)−KL (q(X1:T , θ, ξ) ‖p(X1:T , θ, ξ|Y1:T , U1:T−1) ) . (4)

KL (· ‖· ) denotes the Kullback-Leibler divergence between two distributions,
which becomes minimum at zero when q(X1:T , θ, ξ) = p(X1:T , θ, ξ|Y1:T , U1:T−1).
‡ G (x|α, β) ≡ βαxα−1e−βx/Γ (α) and Γ (α) ≡

∫∞
0

tα−1e−tdt.
§ p(Y1:T |U1:T−1) ≡

∫
dθdξdX1:T p(X1:T , Y1:T |U1:T−1, θ)p(θ|ξ)p(ξ).

¶ Here, the model structure corresponds to the dimension of the internal state, N .



After the maximization of the free energy, therefore, the trial distribution pro-
vides a good approximation for the true posterior distribution. Also, the free
energy well approximates the (log) marginal likelihood.

The trial distribution is assumed to be factorized as

q(X1:T , θ, ξ) = qx(X1:T )qθ(θ)qξ(ξ), qx(X1:T ) =
T∏

t=1

qt(xt|xt−1),

where q1(x1|x0) ≡ q1(x1). In this case, the free energy (4) can be rewritten as

F [q] = TL−Hθ −Hξ; L =
1
T

T∑
t=1

〈〈
log

p(xt|x̃t−1, θ)p(yt|xt, θ)
qt(xt|xt−1)

〉

θ

〉

x

(5)

Hθ =

〈
log

q(θ)
〈p(θ|ξ)〉ξ

〉

θ

; Hξ =
〈

log
q(ξ)
p(ξ)

〉

ξ

,

where 〈f(X1:T )〉x=
∫

dX1:T qx(X1:T )f(X1:T ), 〈f(θ)〉θ=
∫

dθqθ(θ)f(θ) and 〈f(ξ)〉ξ=∫
dξqξ(ξ)f(ξ). L corresponds to the expected mean log-likelihood. According to

a batch VB algorithm [4], the free energy (5) is maximized with respect to qx,
qθ, and qξ, alternately, after observing all times series. Here, we derive an on-line
VB algorithm [7], in which the free energy at time τ is redefined by

Fλ
τ [q] = T0L

λ
τ −Hθ −Hξ (6)

Lλ
τ = η(τ)

τ∑
t=1

(
τ∏

s=t+1

λ(s)

) 〈〈
log

p(xt|x̃t−1, θ)p(yt|xt, θ)
qt(xt|xt−1)

〉

θ

〉

x

.

η(τ) =
(∑τ

t=1

∏τ
s=t+1 λ(s)

)−1 is a normalization term, and T0 is a constant
corresponding to the confidence of the observed time series relative to a priori
belief of the model parameter. λ(s) (0 < λ(s) < 1) is a time-dependent discount
factor for forgetting the effect of early inaccurate inference. By introducing the
discount factor, the expected mean log-likelihood is modified into a weighted
mean log-likelihood.

The on-line VB algorithm can be implemented as an alternate maximization
process of the on-line free energy (6). We here consider the inference at time
τ , where q1:τ−1 ≡ {qt|t = 1, · · · , τ − 1}, qθ and qξ has been determined from
previously observed time series Y1:τ−1. After observing a new output yτ , the
on-line free energy is maximized with respect to qτ while q1:τ−1, qθ and qξ are
fixed. This is the VB-Estep. In the next step, the VB-Mstep, the on-line free
energy (6) is maximized with respect to qθ while q1:τ and qξ are fixed. In the
last step, the VB-Hstep, the on-line free energy is maximized with respect to qξ

while q1:τ and qθ are fixed. Although detailed procedure cannot be described for
the lack of space, the main part is as follows.

1. VB-Estep

x̄τ ←
{ 〈µ〉θ if τ = 1
〈A〉θ x̂τ−1 + 〈B〉θ uτ−1 otherwise



V̄τ ←
{ 〈S〉−1

θ if τ = 1
〈Q〉−1

θ + 〈A〉θ V̂τ−1 〈A′〉θ otherwise

K ← V̄τ 〈C ′〉θ
(
〈R〉−1

θ + 〈C〉θ V̄τ 〈C ′〉θ
)−1

x̂τ ← x̄τ + K (yτ − 〈C〉θ x̄τ ) ; V̂τ ← (I −K 〈C〉θ) V̄τ (7)

J ← V̂τ−1 〈A′〉θ V̄ −1
τ (8)

x̂τ−1 ← x̂τ−1 + J (x̂τ − x̄τ ) ; V̂τ−1 ← V̂τ−1 + J
(
V̂τ − V̄τ

)
J ′ (9)

〈〈yty
′
t〉〉 ← (1− η(τ))〈〈yty

′
t〉〉 + η(τ)yτy′τ

〈〈ytx
′
t〉〉 ← (1− η(τ))〈〈ytx

′
t〉〉 + η(τ)yτ x̂′τ

〈〈xtx
′
t〉〉 ← (1− η(τ))〈〈xtx

′
t〉〉 + η(τ)

(
V̂τ + x̂τ x̂′τ

)

〈〈x̃t−1x̃
′
t−1〉〉 ← (1− η(τ))〈〈x̃t−1x̃

′
t−1〉〉

+η(τ)
(

V̂τ−1 + x̂τ−1x̂
′
τ−1 x̂τ−1u

′
τ−1

uτ−1x̂
′
τ−1 uτ−1u

′
τ−1

)
(10)

〈〈xtx̃
′
t−1〉〉 ← (1− η(τ))〈〈xtx̃

′
t−1〉〉 + η(τ)

(
V̂τJ ′ + x̂τ x̂′τ−1

x̂τu′τ−1

)
. (11)

Equations (8)-(11) are used if τ > 1. I is an identity matrix and 〈〈·〉〉 is the
weighted mean of sufficient statistics: 〈〈f(·)〉〉 ≡ η(τ)

∑τ
t=1

(∏τ
s=t+1 λ(s)

)
× ∫

dX1:τqx(X1:τ )f(·).
2. VB-Mstep

Ξ ←
(
(T0 − 1)〈〈x̃t−1x̃

′
t−1〉〉 + γa0 〈Φ〉ξ

)

〈Ã〉θ ←
(
(T0 − 1)〈〈xtx̃

′
t−1〉〉

)
Ξ−1

〈Q〉−1
θ ←

diag
(
(T0 − 1)〈〈xtx

′
t〉〉 − 〈Ã〉θΞ〈Ã′〉θ + γq0 〈χ〉ξ

)

T0 − 1 + γq0

Υ ←
(
T0〈〈xtx

′
t〉〉 + γc0 〈Ψ〉ξ

)
; 〈C〉θ ← (T0〈〈ytx

′
t〉〉) Υ−1

〈R〉−1
θ ←

diag
(
T0〈〈yty

′
t〉〉 − 〈C〉θΥ 〈C ′〉θ + γr0 〈ρ〉ξ

)

T0 + γr0

〈µ〉θ ← x̂1/(1 + γµ0)

〈S〉−1
θ ←

diag
(
V̂1 + x̂1x̂

′
1 + γs0 〈σ〉ξ − γµ0〈µ〉θ〈µ〉′θ

)

1 + γs0
.

3. VB-Hstep

〈σ〉ξ ← Nγs0 + γσ0

γs0 Tr [〈S〉θ] + γσ0τ
−1
σ0

〈Φ〉ξ ←

diag

(
γa0〈Ã′〉θ〈Q〉θ〈Ã〉θ + NΞ−1 + γφ0τ

−1
φ0 I

)

N + γφ0



−1



〈χ〉ξ ← Nγq0 + γχ0

γq0 Tr [〈Q〉θ] + γχ0τ
−1
χ0

; 〈ρ〉ξ ← Dγr0 + γρ0

γr0 Tr [〈R〉θ] + γρ0τ
−1
ρ0

.

〈Ψ〉ξ ←

diag

(
γc0〈C ′〉θ〈R〉θ〈C〉θ + DΥ−1 + γψ0τ

−1
ψ0 I

)

D + γψ0



−1

.

4 Belief State Reinforcement Learning

If the true system is consistent with model (1) and we observe the internal
state xτ at every time, we can acquire a good control by applying a rein-
forcement learning (RL) method, which is formulated as a continuous Markov
decision process (MDP). In most of RL methods, mapping from xτ to uτ is
determined based on rewards received through experiences. In our situation,
however, only partial information of the internal state xτ , i.e., yτ , is observ-
able. If we try to determine mapping from yτ to uτ , which is referred to as
a partially observable MDP (POMDP), it is known that the performance is
poor [8]. Instead of that, we may consider a control policy that maps a belief
state p(xτ |Y1:τ , U1:τ−1) to uτ . This formulation is a belief state MDP, in which
the sequence {p(xτ |Y1:τ , U1:τ−1), uτ |τ = 1, · · ·} becomes a Markov process under
a fixed control policy.

Under the formulation of the belief state MDP, our system identification
method can be applied to automatic control problems. By applying equation (7)
in the VB-Estep, we obtain the trial posterior distribution qx(xτ ) as the nor-
mal distribution NN

(
xτ

∣∣∣x̂τ , V̂ −1
τ

)
, which approximates a current belief state

p(xτ |Y1:τ , U1:τ−1). Therefore, the underlying POMDP is regarded as the MDP
defined over state ŝτ ≡ (x̂τ , V̂τ ) and control uτ .

In order to solve the decision problem, we apply an actor-critic algorithm
proposed by Konda [5]. Although it was derived for the general parameterized
families of randomized stationary policies, we employ the following stochastic
policy: πϑ(uτ |ŝτ = ŝ) =

∏M
m=1N1

(
uτm

∣∣∣∑K
k=1 ϑmkŝk, ϑ0

)
. Here, uτm is the m-

th element of uτ and ŝk (k = 1, · · · ,K) is the k-th element of ŝ. ϑ ≡ {ϑ0, ϑmk|m =
1, · · · , M ; k = 1, · · · ,K} is the set of parameters that parameterize the control
policy πϑ. The way to update parameter ϑ is referred to [5].

In the above belief state MDP, the determination of the dimension of the
internal state is an important issue because it directly determines the dimen-
sion of the belief state ŝ and affects the performance. We determine it by the
following procedure. We prepare several state space models, which have differ-
ent dimensions with each other. An RL system is coupled with each state space
model. At the beginning of each episode, an RL system corresponding to the
model with the largest free energy is selected and trained using experiences in
the episode. On the other hand, every state space model is trained using all
time series. Figure 1 shows the architecture of our proposed method. Here, the
arrow lines denote the stream of signals. The gray rectangle is a couple of the RL
system and the state space model selected by maximum free energy criterion.
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Fig. 1. Architecture of our RL method.

5 Experiment

Our RL method including the system identification is applied to an automatic
control problem for a noisy linear system, which is defined by

ẍ = 3u + v; y = x + w; v ∼ N1 (v |0, 0.1) ; w ∼ N1 (w |0, 0.0009) ,

where initial states of x and ẋ in each episode are generated from a uniform
distribution within ranges of x ∈ [−10, 10] and ẋ ∈ [−1, 1], respectively. The true
dimension of the internal state is N = 2. Observation y is given with time interval
0.02 and a single episode consists of 1000 time steps. Control u is bounded
within the range of |u| ≤ 1. The reward function is defined by r(x, ẋ, u) =
−0.02x2 − 0.1ẋ2 − 0.001u2, which encourages the state to stay at the origin.

We prepared five state space models, whose dimensions varied from N = 1 to
N = 5. Figure 2 shows the time courses of the free energy for the five state space
models. The horizontal axis denotes the number of episodes. The vertical axes of
left and right figures denote the absolute and relative free energies to the model
structure with N = 1, respectively‖. The free energy of every model structure
increases as the learning proceeds. Although the simplest model (N = 1) is
selected at an early learning stage, the correct model (N = 2) has the largest free
energy value after 50 episodes. In a later learning stage, the difference between
N = 1 and N = 2 comes to be small because the system is stabilized around
the origin, but they were not reversed even if the learning continued. This result
shows that our system identification method is able to determine correctly the
dimension of the target system.

Figure 3 shows the learning curve of our RL method and a naive actor-
critic method without using belief state. The solid and dotted lines denote the
time courses of the average cumulative rewards per 20 episodes acquired by our
method and the naive method, respectively. Figure 4 shows the test control se-
quence by our RL system after learning. The left and right figures show the time
series of observation yt and control ut, respectively. The control policy was grad-
ually improved so that the system is sustained at the origin. This result shows
our RL method coupled with the system identification by on-line VB algorithm
is able to acquire a good control policy, while the underlying environment is an
instance of POMDPs.
‖ Although the left figure does not shows the result of N = 1, one can know its value

easily by seeing the left and right figures.
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0 1000 2000 3000 4000 5000
−200

−150

−100

−50

0

Number of episodes

C
um

ul
at

iv
e 

re
w

ar
d

Average cumulative reward per 20 episodes

our RL method
naive actor−critic method

Fig. 3. Learning curve of our RL method and the naive actor-critic method.

0 200 400 600 800 1000
−10

0

Time step: t

O
ut

pu
t: 

y(
t)

Time series of y(t)

0 200 400 600 800 1000
−0.85

0

0.85

Time step: t

C
on

tr
ol

: u
(t

)

Time series of u(t)

Fig. 4. A test control sequence by the trained system.

6 Conclusion

In this article, we presented an on-line VB algorithm for the identification of
linear state space models. The method was able to estimate correctly system
parameters, and the dimension of the internal state based on the free energy cri-
terion. We also proposed an RL method using our system identification method,
which can be applied to continuous POMDPs. We applied our RL method to a
simple control problem. The result showed that our method was able to deter-
mine correctly the dimension of the internal state and to acquire a good control.
Our near future work is to extend our system identification method to that for
non-linear state space models.
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